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0 Discrete Time Financial Model for Derivative Pricing
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Discrete time financial model

Consider a financial market formed by n basic components called
financial assets/instruments, denoted by 54, ..., S,,.

Definition 1 ( Discrete time financial model)
@ Atinitial time 0: n assets with values S° = (57, ...,59)".
@ At maturity time T": m scenarios.

o Inscenario i (1 <i <m), assetS; (1 <j <n)has value 5.
e The information of the assets at T' can be represented by

S S Sy
s; 53 Sy
S=1|S5 S Se
smo Sy sm

We assume that S;'- > 0 for all < and j, since an asset has no liability.
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The Pricing Problem

st sl s1
SY si Sg .82
Market: ¢ 80=| : |, 8= |5 S5 - Sfi , n-assets, m-scenarios
50 : : :
sm o gm sm

Definition 2 (The Pricing Problem)

Consider a market {S°, S}, in which a financial instrument F takes
value

@ F' at the i-th scenario at maturity 7', where i = 1,...,m.

The pricing problem refers to determining the price F°, which is the
value of F' at time O.

@ The term “pricing” in CAPM i, = r + Bo(uar — r) refers to
determining the expected return of an asset a.
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Terminologies: Portfolio; Payoff; Complete

stsi ... sb
SY si s% s2
Market: ¢ 80=| : |, 8= | ST S5 - Sfi , n-assets, m-scenarios
50 : : :
" sm sm sm

@ Portfolio: >%_; w;S;
@ A collection of assets with weight vector w = (wy, ..., w,)’
@ holds w; units of asset S;

@ Payoff Vector / Payoff: F € R™
@ A vector that represents the values of a portfolio/financial
instrument at the m different scenarios at maturity
@ Complete

o A market is complete if every payoff vector is attainable by a
portfolio

o i.e,, Forevery F € R™, there exists w € R™ such that F = Sw.

V.

= = = et
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Terminologies: Arbitrage

Definition 4 (Arbitrage)

An arbitrage is a portfolio w that has
@ non-positive initial value (w’S°, a scalar)
@ non-negative value at maturity (Sw, an m-dimensional vector)
@ excluding the case w'S” = 0 and Sw =0

Mathematically, an arbitrage is a portfolio w that satisfies

w'S? <0 and Sw >0 or w'S? <0 and Sw >0,
~——— ~—~ ~—— ~—~
Price Payoff Price Payoff

@ Sw > 0 means all entries of Sw are non-negative.

@ Sw > 0 means all entries of Sw are non-negative with at least one
element being positive.

@ Sw > 0 means all entries of Sw are positive.

= = =
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Terminologies: No Arbitrage

Arbitrage: w'S® <0 and Sw >0 or w'S’<0 and Sw >0
—— ~~ ~——
Price Payoff Price Payoff

Basic Logic:
@ If A and B are statements, and ~ A denotes the negation of A

@ then the following two statements are logically equivalent:

@ ~(4andB) @ B=~A.

Definition 5 (No Arbitrage)

No arbitrage opportunity exists if the negation of Arbitrage’s definition
holds.
i.e., for all w € R",

Sw >0=wS">0 and Sw >0=wS">0
~—~ —— ~—~ ——
Payoff Price Payoff Price

= g = o
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Example: Completeness

‘ Complete market: all payoff attainable: F = Sw. ‘

Example 6 (Completeness)

Consider markets A, B and C having S = S% = S% = (1,1), and
2 0
si=(2 of.sp= G ;) ,Sc:@ ;) .
0 3

@ Market A: Not complete
o Payoffs F = (a, b, c)’ with a # b cannot be replicated.

@ Market B: Complete
@ Any payoff F can be replicated by w = S;'F
@ Spw=S5S;'F=F

@ Market C: Not complete

@ Payoffs F = (a,b)’ with 2a # b cannot be replicated.
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Example: Arbitrage

Arbitrage: w's’ <0and Sw >0 or w'S? <0 and Sw >0
~—~ ~—~ ~—~ ~—~
Price Payoff Price Payoff
No Arbitrage: Sw >0=w'S° >0 and Sw >0=w's’ >0
~—~ ~—~ ~—~ ~—~
Payoff Price Payoff Price

Example 7 (Arbitrage)

ZAY 2 1 2
84 =8% =82 =(1,1), Sa=(2 0 ,SB:(1 2>,Sc=<4
@ Market A: No arbitrage: v s

@ To have payoff Saw = (2w1, 2w1, 3wz)’ > 0, need (w1, w2) > 0
@ Thus, initial price w'S°® = w1 + wa > 0.
@ Market B: will be discussed later using State Price Vector.

@ Market C: Asset 1 vs Asset 2:
@ same initial price
@ Asset 1 has a better payoff in all scenarios
= Arbitrage Portfolio: w = (1, —1)’
@ holding Asset 1 and shorting Asset 2 (buy low sell high)
@ Price w/S® = 1 — 1 = 0 but payoff Sw = (1,2)’ > 0

1
2

).

= = -
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@ Principle of No-Arbitrage Pricing
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Principle of No-Arbitrage Pricing

In finance, the Principle of No-Arbitrage Pricing is the key to pricing
financial derivatives.

Definition 8 (Principle of No-Arbitrage Pricing)

To price a financial instrument F', we find a portfolio (w, ..., w,)" such that

n
E wiS;=F", i=1,...,m,
j=1

i.e., the portfolio’s and F’s payoffs match at every scenario at the maturity 7.

v

@ Explanation:
o Now F and "7, w;S; have the same payoff structure at 7

o If their initial prices differ, then “buy low sell high” makes an
arbitrage

e Therefore, the price is F° = w'SY, the initial value of the replicating
portfolio.
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Principle of No-Arbitrage Pricing

The procedure for No-Arbitrage Pricing:

Step 1.

(Replication). To price F, find a replicating portfolio

w = (wy,wa,...,w,) S.t
F! S sy ... Sk
F? s s3 ... S
Fal| F?* || s S3 .S
Fm smospo 8w

i.e., holding (S1, Ss, . ..
replicates the payoff of F' in every scenario.

,Sn) with weight (wy, . ..

FO'=w'S" = Zw]

w1

w3

1>

Wn,

;wy)’

Step 2: (Pricing). The price of the instrument, F°, is given by

Sw.
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Assumptions

Si S, Sy
st 53 S
s=| st S S
St Sy S’

Assumption 9 (Linearly Independent Columns of S)
S has linearly independent columns.

@ Otherwise, at least one column is a linear combination of other
columns. (some assets can be constructed by other assets)

Assumption 10

Number of scenarios is the same as number of assets, i.e., m = n.

@ Ensure that the inverse S~! of S exists.
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Replicating Portfolio
Theorem 11 (Replicating Portfolio)

If S has linearly independent columns and m = n, then for any given
payoff vector ¥, the weight of replicating portfolio is given by

w=S"'F.

As a replicating portfolio exists for any F, the market is complete.

Proof.

@ Every square matrix (m = n) with linearly independent columns is
invertible.

@ With w = S~!'F, we have Sw = SS~'F = F.
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Pricing
Using the weight w = S~!F, we obtain a simple pricing formula:

Corollary 12 (Pricing)

For any payoff F and asset structure {S°, S}, the price is

FO £ (8%/s7'F.

Given the replicating portfolio w, the price is F° = w'S°.
Since I is a scalar, we can write

FO _ (FO)’ _ (SO)/W — (SO)Isle )
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Example

‘ Corollary: The price of a payoff F is FO 2 (S0)/S~IF. ‘

Example 13

2 0
SY = 8% = 8% = (1,1, Sa=(2 0 ,sB=(2 1),sc=(2 1).
0 3 1 2 4 2

@ Only Market B satisfies the assumptions of m = n and linear
independence.

@ Given a payoff F = (3,6)" in Market B, the replicating portfolio is

w = S3;'F =(0,3)".

@ The price of F is given by FO = (S%)w = (1,1) - (0,3)" = 3.

=) = — =TT

v
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e State price vector and risk neutral probabilities
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State price vector

@ Recall the pricing formula F° £ (S°)S~1F,

@ Define the state price vector (an m-dimensional vector) as

d]/ _ (SO)/S—I )

@ The pricing formula can be rewritten as

F0:¢/F=§:¢ij. (1)

j=1

@ The structure in (1) is similar to taking expectation where
@ 1,...,1,, are “probabilities” (not exactly, as Zj:1 1 # 1in general)

e F' ..., F™ are possible values in the sample space.
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Properties of State Price Vector

State Price Vector: ' = (S°)'S™!
Pricing: F°='F=3"" 4;F

Properties of State Price Vector (SPV):
@ SPV lists the price of $ 1 at each state:
e F=(F' ..., F™) =(0,...,1,...,0) (k-thentry) is $ 1 at State k
o Price FO =371 ¢, F7 =1y
@ SPV recovers initital prices from maturity prices: (S”) = ¢’S
Proof: (S%)" = (S°)'S~'S = 4'S
© Sum of entries of SPV is discount factor: ¢ := >, v = =

Proof: F = (1,...,1) is a $1 risk free asset = The price is F" = T

But 7V = Z;n:1 Y F7 = 2211 V;
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Risk Neutral Probability

State Price Vector: v’ = (S°)’S~!
o Ja :’l/J/F: Z;'nzleFj
@ v = price for $ 1 at State k
e (SO)/ e

Q= Z;”Zl ¥j = 15 is the discount factor

@ Since }_7, ¢; # 1 in general, v is not a probability distribution.
@ To obtain a probability distribution, we rescale 1 to define the

Risk Neutral (RN) Probability Vector : 1~p Lah/1).
@ Price: FO = ¢/F =y F = (E}L z/ZjFJ') = VE(F)

(discounted expectation)

@ . is the risk neutral probability on State k for pricing
T i—th —m 7 aj m TSI .
Q (8 =4S = SV =YY ;S] = T dgh =2, Vi
@ Expected “gain” of each stock equals the same value % (risk “neutral”)

Q XL = (7 ¥5)/% = /v = 1 (probability indeed!)
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State Price Vector and and No arbitrage

Proposition 14

There is no arbitrage opportunity in the market if and only if the state
price vector satisfies 1 > 0. (every entry is positive)

No Arbitrage: F=Sw>0=F'=w'5">0
S—— ———
Payoff Price

@ Suppose that ¢ > 0.
o If the payoff F = Sw > 0, then the price is F° = 4'F > 0.

= No arbitrage condition is satisfied.

@ Suppose that there is no arbitrage opportunity
e Consider a payoff F = (0,...,0,1,0,...,0)". (k-th entry = 1)

e No arbitrage = price of F is positive = F° = ¢'F = >0

o Repeat the same argument for k = 1,...,m, we have 1) > 0.
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State Price Vector and Risk Neutral Prob.: Example

State Price Vector: ' = (S°)’S—! Risk Neutral Prob. Vector: o = /%
@ FO—/F=0y¢ F, whered = Z;”zl v, is discount factor
@ No arbitrage < 1 > 0.

Example 15

0 _ 5 (21
-1y, 5= (2 ).

@ State Price Vector: ¢’ = (S%)'S5" = (1/3,1/3).
e Since 1 > 0, there is no arbitrage in the market.

@ Discount factor: i) = 1/3 +1/3 =2/3
@ Risk Neutral Prob: ¢ = ¥/% = (1/3,1/3)//(2/3) = (1/2,1/2)/

@ Price of a derivative with payoff F = (3,6) is F* = ¢'F = W)’F =3
o SPV:$3atState1 (3x 5) + $6atState2 (6 x 5) =3

o RNP: Discounting (2x) v-expected payoff (3 x § +6 x 1)=3

= i = =
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e Physical Probability v.s. Risk Neutral Probability
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Physical Probability v.s. Risk Neutral Probability

State Price Vector: ' = (S°)'S—! Risk Neutral Prob. Vector: o = /%
@ O — /'F =3¢ F, where — Z;”:l ®; is discount factor

@ Physical probabilities only measures chance of occurence of states
@ RNP measures overall utility of states derived from the market structure (S°, S)

@ If a financial derivative is replicable by S, pricing without RNP leads to arbitrage

Example 16 (Physical Probability v.s. Risk Neutral Probability)

. _ o (1 (12 10 (8
Consider the market: S_<1>,S_<1.2 1)’F_<0)'

P(Scenario 1 occurs) = 0.9; P(Scenario 2 occurs) = 0.1;r = 0.2.
Payoff F corresponds to a call option of Asset 2 at strike price $2.
SPV: ¢’ = (S°)S™" = (0.019,0.815); RNP: 4 = /1) = (0.022,0.978)’
Physical Price: ¥Ep(F) = $[8(0.9) + 0(0.1)]/1.2 = $6
RN Price: &EJ(F) = $[8(0.022) + 0(0.978)] /1.2 = $0.148

If call is $ 6, then buy replicating portfolio & sell call = $ (6-0.148) arbitrage profit

RNP Tﬂ infers from market structure that State 2 should weight more (see Asset 2)
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© Binomial Model
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Binomial Model

Definition 17

Binomial model is a discrete time financial model with n = m = 2.
@ two assets: bond (B) & stock (5).
@ two scenarios: upward (u) & downward (d) movements of S (u > d)

Specifically,

@ s: initial price of stock
@ r: continuously compounded risk-free interest rate for the bond
@ ¢'T: accumulation factor.
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Properties of Binomial Model

e'rT

. . . Q0 ’ _ Ssu
Binomial Model: S° = (1,s)’ and S = ( T o ) .

Theorem 18 (Properties of Binomial Model)
a) Replicating Portfolio for payoff F = (F, F2) & (F,, F;)':

!
_ qu—Fud Fu—Fd
B
W (e*T(u—d)’s(u—d)) ’

b) Risk Neutral Probabilities. The state price vector, discount factor and
risk neutral probability are uniquely given by

J—1\"/ 1 . . /
P = ((SO)SI):m(eT—d, u—e’ ),
2 rT rT\ /

— g e —d u—e
o= Y =T, ¢—¢/w—(u_d, u_d>

c) Pricing: F° = ¢'F = Fu(eTTe—rapaid;)u—erT).

d) Arbitrage exists ifu > d > e ord < u < e'T.
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e Multi-period Binomial models
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Multi-period Binomial Model

Multi-period Binomial model/tree
@ bring together copies of binomial models
@ allows more possibilities at maturity T

Sou

Ny
So /
% Sod
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Multi-period Binomial Model

Definition 19 (Multi-period Binomial Model)

n-period binomial model:
@ marketisobservable at0 =ty <t1 <ty < --- <&, =T, (tr = k9).
@ Each [tx, tx+1]: a binomial model with a bond and a stock.
@ Time 0: (By, So) = (1, ),

Time ty : By = etk 9 Sy =

Sk_1u if market goes up
Sk_1d if market goes down | |

@ can handle 2™ possible scenarios without specifying 2™ assets.
@ some of the 2™ scenarios are the same (e.g., udd = dud = ddu).

@ need to treat 2" possible scenarios differently for path dependent
instruments (e.g. up-and-out option).
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State Price Vector at each branch

n-period binomial model: (Bg, So) = (1, s)
) Sk_1u if market goes u
_ . _ 7Tt _ k—1 [¢] p
Time t, = kd: By =e™, S = Sp_1d if market goes down

Theorem 20 (State Price Vector at each branch)

Suppose that at time t;, a branch of the tree takes value (e"'*, S),). The
binomial model at this branch can be expressed in matrix form by

- e+ Spu
SV = (¢, S;) and S = ( i SZd ) .

Note that t;..1 — t, = . The state price vector is given by

L (er‘s—d, u—e”s)

A SO /S—l —
v (8% e (u — d)
= (’(;bu’ ¢d) .
By construction, the state price vector is common for all branches.
31/40
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n-period binomial model: (Bo, So) = (1, s)
) Sk_1u if market goes u
— . _ Tt _ k—1 g p
Time tj, = ko: By =™, S, = Sj_1d if market goes down

@ To discuss the asset dynamic, we need the notion of path

Definition 21 (Path in an n-period binomial model)

Apathw; = (Z1,...,Z;) uptotimet=1,...,nis
@ a t-dimensional vector specifying the evolution of the market up to time ¢

1 if market goes up,

R Lo ety Zi:{ —1 if market goes down.

@ Once w, is given, we know w; fort < n

@ There are 2" possible paths, denoted as {w? };—1, . 2»
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Path

o , o J1 if market goes up,
Path: we = (21, Ze)'s Zi = { —1 if market goes down.

Example 22 (Path)

133.1

(0)
121 /
(0)
110 / \, 108.9
Consider stock prices S; (272 (0)
(derivative prices F}) (17027/ \ <§i5/
in the 3-period model $\ 90 / \ 89.1
(122 (10.9)
2%9\ o /
(19) \
72.9

(27.1)
@ If the stock price goes up in the first two periods, then wy = (1,1)".
o Sl(w2) = 1].0, SQ(WQ) = 121, Fl((.dg) = 2725, FQ(WQ) = 0.

@ S3(w2) and F3(ws2) are unknown
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Pricing in Multi-period Binomial model

Path: w; = (Zl,...,Zt)/, ord

1 up; state price v, = —&=d
Zi _ p7 p u e"’s(u—d)

—1 down; state price g = m

Theorem 23 (Pricing in Multi-period Binomial model)

@ Consider possible payoffs of F at timen: FI,j=1,...,2"
@ All possible paths:  wi = (Z7,...,ZiY, j=1,...,2"
@ State Price Vector: U = (W', ... W?") where

n

UJ = H (¢U]I{Zf:1} = wdH{ZZ:—l})
t=1
is the state price associated with the path w .
® Discount factor: ¥ £ Y2 Wi = S0 Cppkypn ™ = (1, +1pa)” = T

@ Risk Neutral Probability Vector: & =T &

. ; 27L . . —_— 271 ~ ., . —
@ Priceof Fatt=0: F°=3Y" | WFI =Wy  WFi 2VE(F)

= = = =T
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Pricing in Multi-period Binomial Model

Priccof Fatt=0: F9 = Zf; Wi Fi
i n ) ) ) s r57d _ T8
O Wi = [T, (vl oy +alyi_ y )i® W) = (it e )

Example 24 (Pricing in Multi-period Binomial Model)

133.1
_—©
Consider stock prices S, 121
siaerstoc«p ¢ o T 1089
(derivative prices F}) e — 0
in the 3-period model. 100 - 99
Let risk-free rate r = 0. T 90 T (81%19)
What is the price F°? T 81 —
T~ 729
. (27.1)
@ Notethatu = 1.1, d = 0.9, (¢u,%a) = (3, 3)
@ U =05% (31); U2=0%=0*=05x%x05> (2111]);
TP =06 =" =05>%x05 (112])); ¥¥=05° (3))
@ Price:
FO= U x 04 (U2 + 03 + T*) x 04 (U° + U6 + U7) x 10.9 + U® x 27.1 = 7.475
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e Pricing in Practice
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Pricing in Practice

Priccof Fatt=0: F9 = Zf; Wi Fi

) B rs_ s
o v = H?:l (dJuH{Zz:l} +¢dH{th:—1});° (ﬁ’md’d) =e "o ( ?ufdai’ ?ufd) )

@ In practice, we only have inital value Sy, maturity 7', and interest r

@ To implement Binomial pricing, we specify n, Smax & Smin
e Period length 6 = £

n

0

1/n
4] Smax = SOUn —— u= (Lgax)

1/n
o Smin = Sodn = d= (Sé‘i‘(;“)
e Derivative values {F7} is found from asset {Sou*d" %}, atT
e for path-dependent derivatives (e.g. barrier/asian options), need to
investigate the whole path
@ for American options, need to price the derivative at each branch, and
compare derivative and immediately exercise values

@ The following R-codes present an example of pricing an
up-and-out American option.
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Deri=function (s) {K=100; return (max (K-s, 0))} # Derivative’s value

Price=function(n=3,50=100,SU=133.1,SL=72.9, r=0.04, T=l){

u=(SU/S0)A(1/n); d=(SL/S0)A(1/n); acc=exp(r*T/n) facc:l-step accum factor
pU=(acc-d) / (u-d) /acc; pb=(u-acc)/ (u-d)/acc # Define psiU and phiD
SPV=c (pU, pD) # SPV: State Price Vector
G=rep(list (1:0),n);X=expand.grid(G);X=X[,n:1] # Generate the paths
UD=d=* ( (u/d) AX) # Generate u & d on paths
P0=S0*t (apply (UD, 1, cumprod) ) # Generate possible prices of all paths
PT=PO[,n] # Get possible prices at maturity
PD=apply (as.matrix (PT),1,Deri) # Derivative prices at maturity

#For barrier options only

##### eg. Up-11l0-and out: Keep only paths with max value less than 110
PD=PDx (apply (PO, 1, max)<110)

HHEdHEHE

for (k in n:l){ # Backward induction of Tree
All.States=matrix (PD,2,2A (k-1)) # Stack all nodes in two rows: Up & Down
PD=SPV%x%All.States # Get prices at previous period

# For American Option Only

# 44444444 # Find derivative value if exercise now

if (k>1){PE:apply(as.matrlx(PO[ZA(nfk+l)*(l:ZA(k*l)),k*l]),l,Deri)}
if (k==1){PE=Deri (sS0)}

PD=pmax (PD,PE) # Derivative value = max(early exercise value, price)
#HHHEEHH
}
return (PD)

)

Try this: Price (n=3,50=100,SU=133.1,SL=72.9,r=0.00,T=1)
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e Summary
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@ Discrete time financial model, with n assets, m scenarios, S € R"™*", F € R™
@ (Replicating portfolio) w = ST1F. S~! exists = market is complete
@ (State price vector) ¢’ = (S°)’S—! ¢ R™
@ (RN probability) 9 2 /% sums to 1
@ (Pricing formula) FO 2 (8)'w = (S°)'S~!F = ¢'F = ) F = VE (F)
@ Physical probabilities ignores the importance of scenarios.
In absence of arbitrage, asset structure {S°, S} dictates pricing.
@ Binomial model: 8° = (1,5)" & S = (¢ ). Payoff F = (F,, Fu)’

!
(Replicating Portfolio) w = S~1F = (% f(uu*_‘”;v)l)

. - I
(State price vector) ¢ = e="T (%7 %) , =T

!/
T _q u—e"T

@ (RN Probability) v = =d ’ u—d
@ (Pricing) FO = o'F = FU(ETT;?:L}id;)u_eTT)
. . o (R Spu o (e T—d w—eT
@ Multi-period S° = (¢"*, S;)', S = (e”k+1 sid>’ p=e’ ( (u=d)> (u=d) )

(Path) wi, = (Z3,...,23) € {1,-1}"; j=1,...,2"
(State price) w = (¥?,..., w2"); Wi =TT | (Wl{zzﬂ} + wdﬂ{zf':_l})

@ (Pricing) of Fatt = 0: FO = Zf; WiFi = 625; VIFI £ UE(F)
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