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1 Weighted Least Square

1.1 Model introduction

In chapter 5, the assumption that errors have equal variance is relaxed.
2

Var(y;|x;) = Var(e;) = Uf (1.1)
Wherei=1,---,n l
The model is:
Y =X3+e (1.2)
E(e) =0

wy 0 - 0 w% 0

0wy 0 S0
Where W = ' ' and W = .

0 0 Wy, 0 0 L

1.2 Least Square Estimation

Standardized by the variance of each observation

(; _’}' 3 1 st A v
RSS(p) = ZM = —ZZM;O"E—-}’,)‘
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= (Y- XBYW (Y — XP)

How is RSS defined? RSS in this model is changed.
RSS(8) = (Y — XB)'W(Y — Xp)

= > wi(y — xi)
— YWY — IX'WY — Y'WXS + X' WX3



ORSS __
Solve o5 =0

we have § = (X!WX) ' X'WY.
& E(f) = (XWX) 'XI'WXS = 3.

& Var(3) = (X!WX) ' X'W(2W HWX(X!WX) ' = 62(XtWX) .

1.3 Model transformation

Suppose W = WiWz

wi 0 - 0

1
wi_ Ow; 0
0 0 - w

Clearly, W1 = W2 W2
Then, we can derive
Var(Wze) = 021
Multiply W2 to the regression model (1.2):
W2Y = W2X3 + Wee
Let Z=W:Y, M=W:X, d=W:e
Now we have the regular multiple linear regression model:
Z=Mp+d
Using Ordinary Least Square,
RSS(B) = (Z — MB)(Z — Mp)

= (WY — W:XB) (W2Y — W2Xp)

— (Y - X8)'W(Y - X5)
We have = (X*WX) 'XIWY

& E(f) = (X*WX) 'X'WXS = 6.

& Var(p) = (X!WX) 'X'W(e?WHWX(XWX) ™
= o2(X*WX)
= 2(XtW2W2X)
= o?(M'M) ™
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1.4 WLS summary

All you need to know

B=M'MY'M'Z=X'WX) X WY

Estimators &% = RSS /(n—p-1) = (Z - MB)'(Z - MB)/(n- p~1)
o ) ; 5 - (n-p-Dé* )
Distribution of estimators |5~ N(g.c" (M'M)™) e T a0 15|
ag

F-test |,_ Bk_
T-test sd(By)

Prediction Interval. _f‘.if{%.n— p—]]&1/1+x.'(M'M)‘1x.. Fo=x.f

& ) r -
C.I. for fitted value .;,if[%__”_p_l X OrMyx. =

C.B. for fitted value _}A’i \/(p-i—l)F(a,p-i—l,n—p—l)d' ('X'(Mlﬂf)*lx

Confidence Ellipse = =
(B-B)yM'M)(S-P)
<F(a, Ln—p-1
\ (p+l)(}2 (a p+ e ) /

What is equivalent? Transforming WLS to OLS v.s. WLS

Estimators;

Fo (RSS gz —RSS ;) Ndfsm —dfm) _
) RSS g/ df 1y -

~t(n—p-1) S S i

Distribution of estimators;

F-test;

(remark: H : Z =fyint+e<s Hy: Z=MB+evs. Hy:y=pfyp+e< Hy:y=
Bo + B1x under weight)

T-test;

Confidence Ellipse for coefficents.

1.5 WLS v.s OLS

OLS: minimizing RSS(8) = (Y — XB)'(Y — X[5)
WLS: minimizing RSS(8) = (Y — XB)W (Y — X3), where Var(e) = o>W 1.

1.6 Determine w;

The i-th Observations is an average of n, variables
Y :m, Var(}’,|X:x5):w:oj:>w, =n
n.

The i-th Observations is a sum of n, variables

Y=z,+z,+..+z,, Var(}|X =x)=nVar(z, | X =x)=no"=w=1/n



2 Exercise

Consider:
y = Xb+e where e ~ N(0,0°I)

Let X be n x p, and let y; denote the elements of y. Also assume y = Xb

(a) Calculate > 7 | ¥i(yi — Ui)
(b) Calculate >, Var(y;)



3

= tr[Var(X(X'X)'X'Y)]
= tr[ X (X' X) ' X' ?IX (X' X)X
= tr[o* X(X'X) X'
= o tr[(X'X) ' X' X]
= 0°tr (L)

= o%p.
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