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1 Weighted Least Square

1.1 Model introduction

In chapter 5, the assumption that errors have equal variance is relaxed.

Var(yi|xi) = Var(ei) =
σ2

wi
(1.1)

Where i = 1, · · · , n

The model is:

Y = Xβ + e (1.2)

E(e) = 0

Var(e) = σ2W−1

Where W =


w1 0 · · · 0

0 w2 · · · 0
...

...
. . .

...

0 0 · · · wn

 and W−1 =


1
w1

0 · · · 0

0 1
w2
· · · 0

...
...

. . .
...

0 0 · · · 1
wn



1.2 Least Square Estimation

How is RSS defined? RSS in this model is changed.

RSS(β) = (Y −Xβ)tW(Y −Xβ)

=
∑

wi(yi − xtiβ)

= YtWY − βtXtWY −YtWXβ + βtXtWXβ
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Solve ∂RSS
∂β

= 0

we have β̂ = (XtWX)
−1
XtWY.

♣ E(β̂) = (XtWX)
−1
XtWXβ = β.

♣ V ar(β̂) = (XtWX)
−1
XtW(σ2W−1)WX(XtWX)

−1
= σ2(XtWX)

−1
.

1.3 Model transformation

Suppose W = W
1
2W

1
2

W
1
2 =


w

1
2
1 0 · · · 0

0 w
1
2
2 · · · 0

...
...

. . .
...

0 0 · · · w
1
2
n


Clearly, W−1 = W−1

2W−1
2

Then, we can derive

Var(W
1
2e) = σ2I

Multiply W
1
2 to the regression model (1.2):

W
1
2Y = W

1
2Xβ + W

1
2e

Let Z = W
1
2Y, M = W

1
2X, d = W

1
2e

Now we have the regular multiple linear regression model:

Z = Mβ + d

Using Ordinary Least Square,

RSS(β) = (Z −Mβ)′(Z −Mβ)

= (W
1
2Y −W

1
2Xβ)′(W

1
2Y −W

1
2Xβ)

= (Y −Xβ)tW(Y −Xβ)

We have β̂ = (XtWX)
−1
XtWY

♣ E(β̂) = (XtWX)
−1
XtWXβ = β.

♣ V ar(β̂) = (XtWX)
−1
XtW(σ2W−1)WX(XtWX)

−1

= σ2(XtWX)
−1

= σ2(XtW
1
2W

1
2X)

−1

= σ2(M′M)−1
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1.4 WLS summary

What is equivalent? Transforming WLS to OLS v.s. WLS

Estimators;

Distribution of estimators;

F-test;

(remark: H0 : Z = β0 ˜int + e ↔ HA : Z = Mβ + e v.s. H0 : y = β0 + e ↔ HA : y =

β0 + β1x under weight)

T-test;

Confidence Ellipse for coefficents.

1.5 WLS v.s OLS

OLS: minimizing RSS(β) = (Y −Xβ)′(Y −Xβ)

WLS: minimizing RSS(β) = (Y −Xβ)′W (Y −Xβ), where V ar(e) = σ2W−1.

1.6 Determine wi
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2 Exercise

Consider:

y = Xb + e where e ∼ N(0, σ2I)

Let X be n × p, and let yi denote the elements of y. Also assume ŷ = Xb̂

(a) Calculate
∑n

i=1 ŷi(yi − ŷi)
(b) Calculate

∑n
i=1 Var(ŷi)
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(a)

n∑
i=1

ŷi(yi − ŷi)

= Ŷ ′(Y − Ŷ )

= Ŷ ′Y − Ŷ ′Ŷ

= Y ′X(X ′X)−1X ′Y − Y ′X(X ′X)−1X ′X(X ′X)−1X ′Y

= Y ′X(X ′X)−1X ′Y − Y ′X(X ′X)−1X ′Y

= 0.

(b)

n∑
i=1

V ar(ŷi)

= tr[V ar(Ŷ )]

= tr[V ar(X(X ′X)−1X ′Y )]

= tr[X(X ′X)−1X ′σ2IX(X ′X)−1X ′]

= tr[σ2X(X ′X)−1X ′]

= σ2tr[(X ′X)−1X ′X]

= σ2tr[Ip×p]

= σ2p.
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