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1 Review Questions

For model y; = By + Biz; + €5, e; ~ i.i.d.N(0, 0?), derive the followings:

a. Y Y= Ui

d. p(fo, B1) = \/ﬁ

Hint: In matrix notation,

y=XfB+e,

H = X(X'X) ' X’ is symmetric and idempotent,

y = Hy,
For a)
doui=) niely=1Hy1'=(11),
HX =X, X=(1 %),H1=1.
For b)
X'e=0=) z6 =0,
Xe=X(I-Hy=(X-X)y=0.
For ¢)

y'e=(Hy)(I-H)y =y (H—-H)y=0

Not in matrix notation,

a)
>
=>"(B, +P.x)
= (- B0+ Bx)
=ny—nfx+y B, =ny
=Yy,

b)



—Zv (v, = By = Bix)

=Y &y, _ﬂozxf —ﬂlz«‘f

=Y 5y = (=B =By %
=S x5y —nxy+ By(nx Y x)

Zvivi HYV
:Zvv—m@v— Zv —rm)

‘{ —P?Y

=0

c)

S5

:Z(Bo +E1xi)é;
:ﬁoza+ﬁlzxf;
=0

d)

P(B;sﬁl)
_ Cov(f,. )
\/Var(ﬁo )Var(fi’l)

=
o

SXX J(SXX—H?; 1




2  ANOVA Test(Analysis of Variance)

& What is ANOVA test?
A test to compare different models, such as E(Y|X) = 5, and E(Y|X) = 5y + S1z.

& Comparing Models.

Hy: EY|X)=0yv.s. H : E(Y|X) = By + piz
Under Hy, $; = 0, which means x and y are independent.
We have two methods to finish the comparison:

(1) Test 5 =0

(2) ANOVA Test:

Under 0, By = 7, RSSy = Y. (y; — 9)2 = SYY.
Under 1, RSS; = Y[y — (Bo + fra)]? = SYY — X2

SXX
Obviously, RSSy > RSS;, but it is not necessarily model under H; is better.

SS,eq = Difference sum of squares due to regression.(as we add another parameter /31 to
the model).
58,0 = ARSS = RSSy — RSS; = 53X

SXX

If S5, is large, which means the addition of the parameter /3 is useful to explain the vari-
ation of the data.

Q:How large is large?

Notice:
SShe
R @.1)
RSS,
0_2 X?L*Q (22)
We can derive: o5
TS - Wgelg ~ Fl’n_g. (23)
n—2

If obs. T.S. > F{4,1,n—2), Hp 1s rejected at o level.

The following is the very important ANOVA Table.



Source DF SS MS F
; _ _ SXVv? Ssreg MSR
Regression 1 SSreg = ARSS = %55 MS,eq = = SSreg  reE
: SXY? _ SSE
Residuals(Error) n-2 SSE = RSS; = SYY — %% MSE = 225
Total n-1 SST = RSSy=SYY

3 Hypothesis Testing of Parameter Estimates

1)5o(Intercept):

Hy: By = By v.s. Hy: By # By

VA Lt SN b (3.1)
72
‘72(1 + 3xx)
Iflobs. T.S.| > t(g ;—2), Hy is rejected at « level.
2)f1(Slope):
Hy: =B vs Hy: B # By
T.5. = 5{ b tro (3.2)
2 1
SXX
Iflobs. T.S.[ > ¢(s ;—2), Ho 1s rejected at « level.
3)J.|x.(Prediction):
Hy @ yi|ze = yu v.s. Hy Y| T # ys
T.5. = gelz- — ye ~ s (3.3)

X Ty—7T)2
\/02(1 + % + (SXX) )

Iflobs. T.S.| > t(g ;—2), Hy is rejected at « level.
4)y|x.(Fitted Value): (Just for your reference)

Hy : E(y|lz.) = yu v.s. Hy @ E(y|z.) # ys

N 2
Y|Ts — Yx
T.5. = (2 ‘1 (m*_l_:)Q ~ Fion-) (3.4)
20%(5; + “5xx )

5



If obs.T.S. > F{4 2,n—2), Ho is rejected at o level.

5) o?(Variance):

Hy:0’=avs. H 02>«

n— 2)o2
TS = % NX'?’L*Q

If obs.T.S. > X7, ,,_o): Ho is rejected at a level.

4 Confidence Interval of Parameter Estimates

Construction of Confidence Interval
1)5o(Intercept):

We can derive:

Then, the (1-a))100%confidence interval of [ is:

By —t \/3(1+ T2 ), Bo+1t \/A?(l+
— l(n—2,2 g7\ — , n—2.a o4(—
0 ( 272) n S){X 0 ( 272)

2)51(Slope):

We can derive:

(3.5)

4.1)

(4.2)

(4.3)

(4.4)

4.5)

(4.6)

4.7)



Then, the (1-a)100%confidence interval of 3, is:

[@_%2\/ 2 Bty 3;4 @“3)

3)ys | x. (Prediction):

Prediction g, |z, is the value of y given that value of x, is observed.
Gl = o + fra, 4.9)

Thus, variance of prediction is the deviation of prediction value and the mean value of'y.

1 (2. —a)?
—— A 1 (2, —17)?

Therefore, the prediction interval (confidence interval) of v, |z, is:

. 1 (z—x)? \/ 1 (z—1)?
*|bx = U(n—22 2 —7 * | Lx tn— g 2(1 T ov v
[y |z, — t 2,2)\/0 (1+ + XX )s UelZow + tinoa,2)\ [ 02( + + XX )
(4.12)
4)y|x.(Fitted Value):
Fitted value is:
E(Y|X =x,) = fo + frz. (4.13)
Here we estimate the mean of the Y population associated with x.,.
1 (z.— 1)
j|r,) = o (= + 4.14
Var(le.) = o*(- + = 20) (4.14)
— ~ 1 (1, —7)?
j|xy) = 0?(— + ———— 4.15
Var(gle.) = o2(- + = 20) (4.15)
The confidence interval of the fitted value is:
) ~ 1 (x, — )2
The simultaneous confidence band of 7|z, is:
A s 1 (z,—2)%, . 1\/A 1 (z.—7)?
* 2Fa n—2)]2 2 T ov v D * 2Fa n—2)]2 T ov v
[y|$ 2F(4.2.n-2)] \/0 (C+—axx ) Ul + 2Fazn-)] C+—oxx )
(4.17)



(Please refer to "Statistical Inference" by G. Casella & R. Berger ).

5)0?(Variance):

>
(n=2)7 ~ X2 (4.18)

The (1-a)100%confidence interval of o is:

[ (n—2)o? | (n—2)o?
(

] (4.19)

5,m—2)
5 Exercises

5.1 Exercise 3 Q1
5.2 Exercise 3 Q2

5.3 Example from 12-13 Midterm(similar to Ex3 Q3)

In simple linear regression, if the value of the predictor X is replaced by c X, where c is some
non-zero constant, which of the following will be affected? (Circle the answer(s))
()80, (b)f1, ()62, (d)R2, (e)t-test statistic of the null hypothesis Hy : 8; = 0.
Hint:
ey (@i —x)(yi—y) 1,

/Bl(new) - 2 Z(Iz — j)g = Eﬁl

Bomew) =y— (%31)(055) =y — iz = fy.

Cilnewy — Yi — Bo — 51(new)513i(nw) =yi— bo— (251)(6%) =yi — bo — bz = &,
52
. é;
U(Qnew) = Z
n—2
éi(ncw) = éi, RSS(new) = RSS.

A9
=0".

o SYY = Z(?Jz — /)% is unaffected,

R =1——" =R?
(new) SYY
BO 3 " j%new) 1/2
(new) ~ ) where 56(60)(71611}) = O'(— + )

56(60)(71510) n SXX(”EW)
N j;%new) B 272 B 72 B 72
" SXXpewy X (xi—z)  Y(mi—z) SXX'

) t(new) =1



5.4 Exercise 3 Q52.12.4

5.5 Example from 11-12 Midterm

1. (30) Fill in the missing values in the following tables of regression output .

ANOVA Table
Sum of Squares d.f.  Mean Square

F-statistics p-value

Source
Regression 9.5¢-09
Residuals

Total _
Coefficient Table
Variable Coefficient s.e. t-statistics p-value
Constant 0.00322
X -2.04245
n= = R=

p.s. It is found in R that ¢f(1—9.5¢7% 1,6) = 1917.3. Also T = 5.125, § = —9.1974, SX X = 54.875.



Solution:

ANOVA Table

Source SS Df MS F value
Regression 228.9167 1 2289167 1917.3 B.oe-’ 09
Residuals 0.7164 6 0.1194

Total 220.6391

Coefhcient Table

Variable Coefficient s.e. t value
Constant 1.2702 0. d. ;
X -2.04245 0.04665 43.7861  9.5e-09

n=g8 o0=03450 R*=0.9969

2 qf(1—9.5x107%1,6) = 1917.3

S F=10173

t3, = F, ..|ts,| = V1917.3 = 43.7861

the corresponding p — value = 9.5

dfreg = 1,dfvesiduats = 6,1 = dfresiduals +2 = 8.
se.(B1) = 181/|ta,|| = 0.04665

Bo = § — 6 = 1.2702

SXY = 5 SXX = —112.07%4

SXY2
S8y = ——— = 228.9167
¥ SXX
MS,cy = §S,c0/1 = 228.9167
MS, cuiduals = MS;eq/F = 0.1194
Ssrelidnaf.! =6 x J1fsre.nl'duafu =0.7164

Ss‘lotal = SSrf.n'dna.fs T SS"Q = 229.6331

% = MS,esiduats = 0.1194, -, & = 0.3455




S Srrg
SStotal

R =

= 0.9969

32

I 0.2685
*tSxx =8

n
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