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Chapter 3

Multiple Regression



Multiple Regression

e What is multiple regression?

Adding more predictors to explain the
response variable better.
e Improve EY|X;=ux)) = po+ Bixi
by E(Y|Xi =ux1. X2 =x2) = fo+ Bixi + fox2

Adding X, to explain the part of Y that has
not already been explained by X,.




Terms and Predictors (X variables)

e Predictors: Original data you collect
e.g. height, weight, color, gender

e Terms: Created from the predictors
The X-variables in multiple regression models
e.g.height?, log(weight), height x weight, color

In general, terms includes
e 1)Intercept, 2)predictors, 3)transformation of predictors
e 4)Polynomials 5) Interaction/combinations of predictors
e 6) Dummy variable and factor

e Important Question: Select a 'good’ set of terms




Matrix Notation for Multiple Regression

e Regression Model
E(Y[X) = fo+ B1X1 + BoXo + -+ + BpXp
Var(Y|X) = o2

e Observed value in Matrix form:

intercept




Matrix Notation for Multiple
Regression

nx(p+1) (p+1)x1

1 x11 -+ X1p /ﬁ(}\

1 X1 - X
X = 2P 3_1

I Xy - Xnp \Bp/

multiple linear regression in matrix notation

| Y =X3+e
= the ith row is y; = By + B1xj1 + BaXio + -+ + JBpX;p + €

about the vector of errors e: Varley)  Covizney) ... Covig,e,)

E(E) _ 0. VEI-I'(E) _ C’Dv(i;z,alj Var:(eez) Cav(e:?z,em)

Covle,,, 2 ) .. Var(e,,)




Matrix Notation for Multiple Regression

® multiple linear regression in matrix notation
Y =X3+e

® Least Square estimation for [3
RSS(B) = X-(vi — ¥i)?

B \lr o~
yi=9i) (-9 )
Y2— ¥ Yo— V2

y"_ﬁﬂ J"n_?n

\ /A /
They are scalar

= (Y =XB) (Y = XB) j

=YY —2YX3 +8XX3 (YXB=(YX3)=5'XY)




Matrix Differentiation

Let e eg.1

B8 =[B1,B2, -, Bul B =[B+, B, B3]
f(B)=(B4* Bo) B3
f(B) = f([B1, B2, , Bk]') { B, }

X (B _

B
define: the derivative of f(.) wrt 3 op B+ B,
-5 (8)-
or(})
()f(j’) 55, o eg2
3;’ . B =[B1’ Bz’ B3]
f(B)=B2,B,*log(Bs)




Matrix Differentiation

Let e eg.1

B8 =[B1,B2, -, Bul B =[B+, B, B3]
f(B)=(B++ B2) Bs

F(8) = F([Bu. o B { ﬂs
i

of (B) _

define: the derivative of f(.) wrt 3 op

-0 (8)
or(5

of(B) T,{hl e eg.?2

3;’3 . B =[B1’ BZ’ B3]
f(B)=p>,B,*log(B-)

28,5, |

By
| 1/ g, |

b+ B,

X (B _
op




Matrix Differentiation

e eg.3
B =[B4, By, Bsl', €=[c4,Cy,C5]
f(B)=c’B=>c;

Let
.8 = [.‘81*.;‘82!' e 1)6,1\‘]’

F(8) = F([Br. Bor -~ . Bl o (B)_ @

op  op
define: the derivative of f(.) wrt 3

e eg.4
rof(8)7

of(3) B =[B,, B, Bal', €=[c;,C.C5]

—. | 2 f(B)=R'c=2 B ¢

c'f=

af (B)
5

B o (B) _ 2

o B

pre=




Matrix Differentiation

e Remember e e.g.5
B =[B1a Bz’ B3]
f(B)=B’M B
By Product Rule,

Key Results

0 wp_ 9 p_ O oM B = (M
ﬁcﬂ—aﬂ,ﬁc C a,B'BM'B (M'+M) g




Least Square estimator

e Least Square Estimator:
Minimizes

RSS(B) = (Y = XB)' (Y = XB) =Y'Y —=2Y'XB+ B' X' XB

Find Minimum by differentiation

O ind A (NA
%'B Mg =(M+M)s

ORSS(8) —

op
=-2X'Y +2X' X8

Set the derivative equal 0 gives

e

B=(X"X)X'Y

= 2(Y' X)+H(X'X + (X' X))




Probability Calculation of Matrix

e mx1 Random vector X

E(x,)

E(Xy)
e Variance Var(x))  Cov(x,X,) .. Cov(x,X.)

Var(X) = E((X — z)(X — u)') = Covix)  Varle) .. Covlx, X,)

Cov(X,,X,) .. Var(x,)




Probability Calculation of Matrix

e Mean Zalixi ZaiiE(Xi)
X E(x. A is mxm constant matrix
E(AX):E zamxl Zam (X|)

iamixi iamiE(Xi)

X is mx1 random vector

e Variance

Var(AX) = E([AX — E(AX)[AX —E(AX)])
= E((AXX ~E(X)JAX ~E(X)])
= AE[(X — E(X))(X —E(X))]A
= AVar(X)A'

E(AX) = AE(X) Var(AX) = AVar(X)A'




Probability Calculation of Matrix

E(AX) = AE(X) Var(AX) = AVar(X)A'

e Example

xlj L E(X,) =5,E(X,) =0,var(X,) =LVar(X,) = 2, Cov(X,,X,)=0.5




Probability Calculation of Matrix

E(AX) = AE(X) Var(AX) = AVar(X)A'

e Example

A:G cl)J xz[;((l} E(X,) =5,E(X,) =0,Var(X,) =LVar(X,) =2, Cov(X,,X,)=0.5

Method 1 (First principle)

var(X,) Cov(X,,2X, + XZ)J _ L 1 2.5)

X 5
AX = Lo E(AX) = , Var(AX) =
2X, + X, 10 Cov(X,,2X,+X,)  Var(2X,+X,)

Method 2 (Using formula)

a3 3o w2 0 908 0 O 3 %

25 8




Properties Least Square estimator

e Model
Y = XS +e, E(e) =0,Var(e) = o°l

e Least Square Estimator (LSE)

FaN

B=(X"X)X"'Y

e Mean of LSE (Unbiasedness: mean of estimate= truth)
E(B)=(X"X)*"X'E(Y)=(X"X)"X'E(XS+¢e)
=(X'X)*X' X5 =
e Variance of LSE
Var(,é) =Var[(X'X)*X'Y]=(X"'X) " X'Var(Y)X (X' X)™
= (X' X)X (DX (X' X) = (X' X) (X' X)X'X)™
=o*(X'X)™




A Matrix operator -- Trace

e Trace (tr) is the sum of diagonal element of a Square matrix

& 8, - Ay
a, a, .. a

a tr(A) = iaii

a, a8, -. a

ml m mm

e Properties

tr(A+B) = Zm:a“ +b. =tr(A)+tr(B)

r(0)- 315 a8)- 31550,0) e

Diagonal of AB Diagonal of BA

tr(E(A) = Y E(a,) = E(Ya,) = E(tr(A))




Properties Least Square estimator

Model  _ Xp +e, E(e)=0,Var(e) = o°I

Residual sum of square
RSS(B) = (Y = XB)' (Y = XB)=Y'Y —=2Y'XB + B X' XB
Y'Y —YX(XX) XY
=YL= X (X' X)X )Y

Note that ¢y av) = Eqtr(y' AY)) = E(tr(AYY")) = tr(AE(YY"))

—tr(AE[(XB +€)(XB +e)']) = tr(A(XBB' X '+521))
—tr(A(X8B' X)) + o2tr (A)
Put A = I-H = [-X(X’X):
o tr(AXBB Xy=T1. — X (X' X)X YXBB'X = (X —=X)BB' X =0
o r(AS=tr(l — X(X'X) XY =tr(l.)—tr(X (X' X)™X")
=tr(1,)—tr(X'X)* X' X)=tr(1,)—tr(l ,,,) =n—(p+1)

E(RSS(B)) =o2(n—(p+1) = c2 _ RSS()
n—(p+1)




Distributional properties

N

e Distribution of £

S Sum of independent
,Bo Z IvlliYi /variables

~ M..Y.
Al=p=0exix| Z | AN XY
ﬁp ZM(p+1)iYi

. . . ~2
® D|Str|but|0n Of o} Sum of squares of c-

normal variables

S RSS(B) D& f O oo
n—-(p+D) n-(p+D) n-(p+l)

~

B~N(B,0°(X'X)7)




3.1.2. Added-Variable plot

e In Multiple linear regression, plotting graph is difficult

E(Y|X1 =x1, X2 =x2) = Bo+ Bi1x1 + Paxz

FIG. 3.2 A linear regression surface with p = 2 predictors.

Is there any 2-d way to see the effect of the s?




3.1.2. Added-Variable plot

e An interesting observation from a computer experiment

Data generation
e x1=rnorm(100); x2=rnorm(100); e=rnorm(100,0,0.1); y=3*x1+2*x2+e

Fit regression
o Fit1=Im(y~x1+x2); summary(Fit1)

Coefficients:

Estimate 2td. Error t wvalue Pri>|t]]
[Intercept) -0.007537 0.010466 -0.72 o.473
x1 3.019023 O.01008z2 299,44 <Ze-1p *FF
x2 1.996044 0.010182z 196.04 <Ze-1p *F%F

o Fit2=Im(y~x2); summary(Fit2)
Coefficients:
Estimate 2td. Error t wvalue Pri>|t]]
[Intercept) -0.1500 0.3163 -0.569 o.57
x2 2.4254 o.3051 7.950 3.Z24e-12 *F%F

o Fit3a=Im(y~x1); Fit3b=Im(x2~x1);
Fit3c=Im(Fit3a$residual~Fit3b$residual); summary(Fit3c)

Coefficients:

Estimate 3td. Error £t wvalue Pri=|t|]
[Intercept) -2.975e-17 1.03%7e-02 -2.87e-15 1
Fit3biresidual 1.996e4+00 1.013e-02 197.1 <Ze—-1g *TF

B, measures the relationship between y and x2, after adjusting for the effect of x1




3.1.2. Added-Variable plot

e Added-variable plot (for x)
Vertical: Residual of the regression of y on all predictors except x;
Horizontal: Residual of the regression of x; on all other predictors.
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The slope equal to 4 in mulélp;e regression.
e can see the effect of x after adjusted for the effect of other predictors

» The plot gives more information than the coefficient in multiple regression.

May have different magnitude, sign and significance compare to ,éi in
simple linear regression.




3.1.2. Added-Variable plot

e

Theory: Why the slope in the added-variable plot = £ ?
To see why, study the residuals
The hat matrix H=X(X'X)1X’:

~

=Y -V =((v,-Y) (,-Y,)..(Y,-V,)]
=Y - X8

=Y - X(X'X)EX'Y

= (1= X (X' X)X

=(1-H)Y

When fitting 'Y = X/ +e , we have

|e=@1-H)Y|
‘(1—H)X =X - X(X'X)*X'X=X-X=0




3.1.2. Added-Variable plot

e Added-variable plot (for x,)
Vertical: Residual of the regression of y on all predictors except x,
Horizontal: Residual of the regression of x, on all other predictors.
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~

(I -Hg,) X, =0 Cxuixo
éYlXO =(l _HOth)Y

é\x1|xo = (1 - HOth)xl




Adaeg ariable plo

e Theory: Why the slope in the added-variable plot = ,571 ?
e |dea
Properties (I —Hg,) X, =0
éY|XO = (l - HOth)Y
é\x1|xo = (I - HOth)Xl
Adjust for X5 :Y = X, B8, + X, 5, +€
= (I =Hop)Y = (I =Hgy ) X B+ (1 = Ho ) X0 fo + (I =Hgy e
= (I =Hew) X 5+ 0 +(1 —Hggy)e
= éY|Xo = é\x1|x0181 +€

where € =(1-H,)e
Therefore f, is the regression coefficient of €, against €,

A 2 (i =) =) '
pr = S — 1) ZeY|Xo XlXo _ Xl(l — HOth)Y
t l

from chapter 2 Zex X0 Xl(l — HOth)Xl




Regression is the study of dependence of variables

Yi= Bo + Byxite
B,=0 = x and y are independent
3,70 = x and y are dependent

Question:
Are x and y dependent?

Answer:
Method 1) test whether 3,=0
Method 2) Compare the two models

E(y|x)=B, i.e. y=B,te
E(y|x)=By + BsXx i.e. y=B,* BX+te




3.5. Comparing models:
Analysis of variance (ANOVA

e Regression is the study of dependence of variables
Y= XiBy + XoBote,
e B,=0 = X, and y are independent
e B,70 = X, and y are dependent

e Question:
Are X, and y dependent?

e Answer:
Method 1) test whether 3,=0 if B, is scalar

Method 2) Compare the two models (Here X=[X, X;])
o E(Y|X)= XoBo ie. Y=XB, +e
o E(Y[X)=XiB1 + XoBo 1.e. Y=XiBy + XoBo +e




3.5 Comparing models:
Analysis of variance (ANOVA

e Analysis of variance (ANOVA) is a method that
compares two models of mean functions
o NH: E(Y|X)= XoBo
o AH: E(Y|X)= X,B, *+ XoBo

e For the first model: E(Y|X) Xo BO
RSS\,= mmZ(Y XoBo)" —Z(Y Xoifo)
e For the second model: (y|x) =X; B1+Xg BO
RSS = Min X0~ Xuf, - X o) = 0~ Xy~ Xorflo)’
e By default, RSSNH>RSSAH

The second model is useful only if RSS>>>RSS,,




Difference sum of square due to regression
RSS, .y X0~ Xafo)
RSS2 0= Xuh~Xoho)
RSSy-RSS

o large=» model AH explains much more variation
e Not so large=» model NH is already good enough

How large is large?

Study the distribution of RSS,,-RSS, (idea)

RSS,y is a sum of dfyy=n-p\y squares of normal r.v.
RSS,;, is @ sum of df,=n-pay Squares of normal r.v.

2
RSS, —~RSS,y, ~ A df, —df ., and independent with RSS

_ (RSSNH — RSSAH)/(diH _deH)
RSS,,, /df,,

F ~ F(dfyy, —dfy,,dfyy)




3.5 A Special Case
Overall Analysis of variance (ANOVA

Difference sum of square due to regression
o NH: E(Y|X)= B,
o AH: E(Y|X)= X (X is the matrix formed by p+1-variables)

RSS\: (-5 =3 (v, -¥)* =svy

RSSaH: (v, - xB)
Study the distribution of RSS\,-RSS,
Define SSreg= RSS;-RSS,,=SYY-RSS,,

e This is the variation explained by the multiple regression

_ (RSSNH —RSS,, ) /(diH _ deH)
RSS,,, /df,,,

SSreg/ p
= ~F(p,n-p-1
RSS, /n—p-1) NP

F




3.5 Comparing models:
Analysis of variance (ANOVA

ANOVA table: a break-down of squares (variation)

TABLE 3.4 The Overall Analysis of Variance Table

Source df SS MS F p-value

Regression P SSreg SSreg/ p MSreg /52
Residual n—ip+1) RSS G2 = RSS/(n —(p+ 1))

Total n— | SYY

n

Shi-vP =Y li—viP + Z[;r‘— y 17
i=1 i=1

i=1

TSS = SYY RSS + SSreg

Variation of the Variation not Variation
data explained by explained by
regression regression




3.5 Comparing models:
Analysis of variance (ANOVA

TABLE 3.4 The Overall Analysis of Variance Table

Source df SS MS F p-value

Regression P SSreg SSreg/ p MSreg /62
Residual n—ip+1) RSS G2 = RSS/(n —(p+ 1))

Total n— | SYY

08 A

F test for Regression 0 ]
NH:E(Y | X =X) = 5, "

04

AH E(Y | X =x)= X8 "]

024

F Statistic= MSrgg/ﬁ'z“' F(p,n-p-1) under NH a1 -

0

1] 1 2

Idea: - larger F means regression is effective (large SSreg)

* Under NH, F~F(p,n-p-1), it is unlikely to be very big

* If the red area (a) is small, F is large > NH is suspicious

a is the p-value = P( observing a test stat more extreme than F)
If p-value is small, e.g. <0.05, we reject the NH



3.5 Coefficient of Determination, R2

e Definition SSreg

R* =
5%%

Proportion of variability explained by regression

e Scale-free one number summary of strength of
relationship between X and Y.

e Connections to the correlation b/w Y ang\?
Z(Y—Y) Z(Y—Y)(Y—Y)
Y (Y=Y \/Z(Y—Y)Z(Y—Y)

e R2?js always between 0 and 1. 20 -Y)

» Close to 1-> good fit :%g jV):Y 2_(: V)
e Close to 0~ bad fit ! |




3.5 Example: Fuel Consumption

Df Sum Sg Mean Sqgq F wvalue Pr (>F)
Regression 4 201994 504599 11.992 5.33e-07
Residuals 46 193700 4211
Total 50 395694

e Anova F-test — Test if the regression is useful
o NH: E(Y|X)= B,
o AH: E(Y|X)= XB
F stat=11.992, to compare with F(4,46)
p-value = 1-pf(11.992,4,46) =9.33e-07
NH is rejected. The regression is considered useful!

> SSreg _ _
R* = % 201994/395694=0.5105.

About half of the variation is explained.




Confidence intervals and tests

e Regression model:
ECY|X=X)= Bg + By X4+... 46, X,
e Quantities of interests
Intercept: 3,
Effect of x,: B,
Prediction: If we observe x., what is the y?
Fitted value: E(Y|X=x) for different values of x

e Confidence intervals give estimates for
the above quantities of interests




3.5 Testing one of the terms

e Natural question to ask:

Is the k-th variable dependent on y? (after adjusting
for the effect of other predictors)

e T-test: (wlog, k=1)

NH: By =0, Bo, B2, B3, Bs arbitrary

AH: B1#0,  Po, B2, B3, Ps arbitrary
Recall

o B~N(@Oc* (X' X))

o T-statistics
oA whereV, is the (2,2) entry of (X' X)™

——~t(n-p-1
/ O"-Z\/1 ( P ) {The (1,1) entry is the variance of Bo}
Confidence interval |4 tt(n-p-1)5V,




Two choices in testing 3,=0!

e T-test of coefficient
o NH: Bk=0
o AH: BK#O
e Equivalent to F-test of comparing
o NH: y=Bo + By Xq#.o.F By Xt * Bt Xt Fo FBp X €
o AH: Y= By + By Xyt ¥ By Xieqt BiXic ¥ By X +ee By X+ €

e [-stat

)
sd(5,)

~t(n—-p-1)

e F-stat

~ (RSS,,, —RSS,,)/(dfy, —df,,) SSreg/1

F 2
RSS,, /df &

- F(lin_ p_l)




e F-stat=(t-stat)? for testing $,=0
Data generation
o x1=rnorm(100); x2=rnorm(100); e=rnorm(100,0,0.1); y=3*x1+2*x2+e

Fit regression

o Fit.NH=Im(y~x1); summary(Fit.NH)

Fesidual standard E]‘_']‘_'D]‘_': 95 degrees of fre

o Fit.AH=Im(y~x1+x2); summary(Fit.AH)

Coefficients:

Estimate 3td. Error t© walue Pri>|t])
[Intercept) -0.003514 0.010373 -0.85 0.3958
x1
®a

J.01o027 O.oo097a7 30 7 <de-lg **¥
Z2.009521 0.011504 @ <de-lg **¥

Signif. codes: 0O ****7 0.001 ***' Q.01 **f 0,05 *.f
Fezidual =standard Errc\rrf'? degrees of free
o t-stat=174.6 ~ t(97)
o F-stat=(1.792/2*98-0.1014/2*97)/0.1014/2=30510=(174.7)"2=(t-stat)?

edar

a.1 -

clorm

1

5 _ [RsS,,

\

df ,,

F

~ (RSS,,, —RSS,,,)/(df, —df,,,) SSre

g/l

RSS,,, /df,,

2
O

- F(lin_ p_l)




T-test = F-test in testing 3,=0!

e Theory: F-§taj=(t-s_ftat)2 (optlonal)

H0:>Y=ﬂo+ﬂlxl+"'+ﬂk—1xkl +ﬂk1 k+1'" +ﬂpxp_XOIBO
def

Ha =Y = B+ BX + ot B Xi + B+ Bea Xt B X = Xoflo + X S
For F-test, consider SSreg
Let HaII - X(X'X)_lxll Hk - Xk(xkxk)_lxk ' HOth - xO(XO>(O)_1>(O
RSS, = (Y —HouY)'(Y =HoeY) =Y'(1 = Hgy)Y
RSS, = (Y — HauY)(Y HanY):Y'(l —H.)Y
| SSreg = R0y, e, = =]

For t-test, consider g,

e The theory of added-variable plot tells us that

B Zé\”xo’\ X[ Xo _ Xk(I _HOth)Y Var(ﬁk): . &2
T Zex 1Xo Xk(l _HOth)Xk Xk(l o HOth)Xk

Coefficient of the added-variable X, is the regression
coefficient between the two residuals: €yx_and €, x,



T-test = F-test in testing 3,=0!

e Theory: F-stat=(t-stat)? (optional)
Model : Y =X,[,+XP,+e=Xp+e
Using all variables : Y = H,Y

Idea of added variables :

(1_H0th)Y :év|x0th :(1_H0th)xlﬂ1+(1_HOth)e .
Xk(l _HOth)Y

A XN /ﬁ= -
- B8y [ X1) = (1— Hop) X, all=Hon) X = Hgy) X,

Xll(l = HOth)Xl

~

2 (8 X, (1 =Hgp)
HallY =Y = HothY + E(eleoth |X1) - {Hoth +(1_ HOth)Xl X1I(1| — Hot:t)hxl/:|Y

F stat: ~—
SSre 1.,
F= Azg - A2Y (HaII_Hoth)Y
o) o «
. =
— f:\l-zY (1_H0th)xl Xl(l HOth) Y (o)

o X1l(| = HOth)Xl varlp)= X|'<(| —Hown) X,
— (Xll(I_HOth)Y)2 — 1312’\ —t2
&lel(l _HOth)Xl Var(4,)

F(l,m)= le =[ N(O,l) ] =t2(m)

: N Zn!m

Zolm




3.6 Confidence intervals and tests

e Prediction: If we observe x., what is the y.?

e Prediction:
A :,50 +,§1xﬂ+...+,5’px*p =x’,,é
e Prediction uncertainty

(predicting a particular observation incorporate the error, giving 62
Var(V. +e. | x.) =Var(x. 8| x.) +c° = o’xNar(8 | x.)x. + &
=o?(l+x.(X'X) " x.)

e Prediction interval for y. (pointwise)

Ve J_rt(%, n-p —1)6\/1+ Xx. (X' X) " x.



3.6 Confidence intervals and tests

e Fitted value: E(Y|X=x) for different values of x
e Estimation:

e Estimation uncertainty
e It is not a prediction, no need the error term, no G2

Var(§| x) =c’xVar (8| x)x = az(x'(x ! X)‘lx)
e Confidence interval for E(Y|X=X): (pointwise)

§/J_rt(%,n— p—lj&\/x'(X'X)‘lx




3.6 Confidence intervals

e Fitted value: E(Y|X=x) e Prediction

C.l. for a point on the P.l. for a future
true regression line observation

=
ol

60 30 100 120Q 140 160 180 200

Y. J_rt(%, n-p —1)8\/1+ X.(X"X)"x.




5.5 Joint Confidence Region

e C.I. for B;:

P(B, —t(n- p—l)é-\/\ES,B1 < B +t(n— p—l)&M) =l-«
e C.I. for B,:

P(,Bz—t(n p— 1)0J\T<ﬁ2<ﬂ2+t(n p— 1)0\/\/722) -«
e Question: b e

Does the rectangle covers:]
the truth (3, B,) with
probability 1-a?




5.5 Joint Confidence Region

e

e Question: ~

Does the rectangle covers *1
the truth (B, B,) with
probability 1-a?

No...between [1-2a, 1- q]
o Let A={C.I. 3; of covers [3;}
e P(A)=1-a fori=1 and 2
o P(A;NA,)=P(A,)+P(A,)-P(AUA,)
=2(1-a) - P(A,UA,)
e[1-2 a,1- q] \1-0(,1]

Question: How to find a region that covers all parameters with prob1-a?




5.5 Joint Confidence Region

e Answer: (1-a) Confidence ellipse
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5.5 Joint Confidence Region

e Example:

(B, B, 6%,1) = (2,3110), (X'X):[i éj ,a;z

e (1-a) Confidence ellipse (\ o

(B-B) (X' X)(B~ ) 2'
(p+1)5°

2 1Y 2-5,
(2_130 3_181)[1 5)[3—,3

<F(a,p+ln-p-1)

—

j < F(0.05,2,10—2)

1+1)(1)
= 2[5+ 2,5, +5p8 —14 3, — 34, + 65 < 2(4.459)




3.6 Confidence intervals and bands

e Confidence interval (at each point x)
For each of x, P(E(Y|X=x) in C.l.)=1-a

e Confidence band (for the entire line)
P(For all x, E(Y|X=x) in C.B.)= 1-a

e x e

For n C.B.s, n(1-a) of
them covers the whole
true regression line

For n C.l.s, n(1-a) of them
covers the true value at x




3.6 Confidence intervals and bands

e Confidence interval for E(Y|X)
yit(%, n— p—lj&/x'(X'X)‘lX
e Confidence band for E(Y|X)

§+J(p+DF(a, p+Ln—p-1)6/x (X' X)X

For n C.B.s, n(1-a) of
them covers the whole
true regression line

For n C.l.s, n(1-a) of them
covers the true value at x




3.6 Confidence intervals and bands

e Confidence band for E(Y|X) (Idea)

J+(p+)F(a, p+L,n—p-1)6yx (X' X)X
P(For all x, E(Y|X=x) in C.B.)= 1-a
P(x',B: By + Bx +...+ B,x, In C.B.forall x = (1, x,,..., xp)')zl—a
= One possibility :

P(x',&— Error bound < x' g < x',8+ Error bound, all X) =1-«

— P(max | x' f—x'B|<Errorbound ) =1-«

= Study maxx'(f— ,3)




3.6 Confidence intervals and bands

e What is this inequality?
(Zn: Xiyij Sixfi Yy or (X' y)z =< (X' X)(Y'y)

Proof

(X+ty)'(x+ty) >0

= (Y'Yt +2tX'y+X'x >0
— Determinant < 0 gives the result

Note that equality holds iff X+ty =0




3.6 Confidence intervals and
DANC

Cauchy Schwartz Inequality
(X'y) < (x'x)(y'y)
Proof of C B.-—-A Super trick! (optional)

Put x=(X' X) 2y, y=(X' X) (,8 S), we have
= (x(3-p)f <lex X)‘1X)((ﬂ—ﬂ) (X'X)(B-p)) foranyx,
x(3-pf

=(B-B) (X" X)B-PB)

 max
x xX'(X'X) %

:P{max ((3-p)f <F*} {(ﬂ BY (X X)( - ﬂ)<F} .

< (p+D)EX (X' X)X (p+1)62

= P{ X'Be [x',éir\/(p+1)F*&\/x'(X'X)‘1x] for any x}:l—a

=F(a,p+1ln—-p-1)



3.6 Confidence intervals and bands

Formula: o ,
Prediction Interval. Y- it[z’ n-p —1j5'\/7 +X. (X' X)X
Example 1
Data generation
o X1=rnorm(100); x2=rnorm(100); e=rnorm(100,0,0.1); y=3*x1+2*x2+e
Prediction Interval at x=(1,x,,X,)=(1,0,2)
o X=cbind(1,x1,x2); V=t(X)%*%X; x.p=c(1,0,2)
o Fit. AH=Im(y~x1+x2); summary(Fit.AH)

Coefficients:

Eztimate 3td. Error t wvalue Pri>|t]]
[Intercept) -0.003314 0.010373 -0.85 0.395
x1l 3.010027 0.oo97s? 307.56 “Ze-1lg ***
®a 2.0095821 O.011504 174.70 <de-1lg ***

;;;nif. codes: . *+#%7 Q0,01 **7 0,05 .7 0.1 7 1
Fezidual standard error: 0.1014 on 97 degrees of freedom
o Fit. AH$coef%*%x.p-qt(0.975,97)*0.1014*sqrt(1+x.p%*%solve(V)%*%x.p)
imit = [-1]
o lower limit = (1,1 3.023608

o Fit. AH$coef%*%x.p+qt(0.975,97)*0.1014*sqrt(1+x.p%*%solve(V)%*%x.p)

upper limit = [
° PP [1,] 4.097758




3.6 Confidence intervals and bands

Formula:
C.l. for fitted value Y+t (— n—p-— l)ox/X (X'X)'x
Example 2 2
Data generation
o X1=rnorm(100); x2=rnorm(100); e=rnorm(100,0,0.1); y=3*x1+2*x2+e
Prediction Interval at x=(1,x,,X,)=(1,0,2)
o X=cbind(1,x1,x2); V=t(X)%*%X; x.c=c(1,0,2)
o Fit. AH=Im(y~x1+x2); summary(Fit.AH)

Coefficients:

Eztimate 3td. Error t wvalue Pri>|t]]
[Intercept) -0.003314 0.010373 -0.85 0.395
x1l 3.010027 0.oo97s? 307.56 “Ze-1lg ***
®a 2.0095821 O.011504 174.70 <de-1lg ***

SJignif. codes: . reESo0,01 ¢ oo0,05 . 0.1 71

o Fit. AH$COEf%*%x.c-qt(0.975,97)*0.1014*sqrt(x.c%*%solve(V)%*%X.c)

o lower limit = [,1]
[1,] 3.990707

o Fit. AH$coef%*%x.c+qt(0.975,97)*0.1014*sqrt(x.c%*%solve(V)%*%Xx.c)

limit = [-1]
° upperiimit=r, ; 4 o3nas




3.6 Confidence intervals and bands

Formula: R N Ty
C.B. for fitted value yi\/(p+1)F(a, p+1,n—p—1)0'\/X (X X) X

Example 3

Data generation

o X1=rnorm(100); x2=rnorm(100); e=rnorm(100,0,0.1); y=3*x1+2*x2+e
Prediction Interval at x=(1,x,,X,)=(1,0,2)

o X=cbind(1,x1,x2); V=t(X)%*%X; x.c=c(1,0,2)

o Fit. AH=Im(y~x1+x2); summary(Fit.AH)

Coefficients:

Eztimate 3td. Error t wvalue Pri>|t]]
[Intercept) -0.003314 0.010373 -0.85 0.395
x1l 3.010027 0.oo97s? 307.56 “Ze-1lg ***
®a 2.0095821 O.011504 174.70 <de-1lg ***

SJignif. codes: . reESo0,01 ¢ oo0,05 . 0.1 71

o Fit.AH$coef%*%x.c-sqrt(3*qf(0.§5,3,97))*0.1014*sqrt(x.c%*%solve(V)%*%x.c)

e [,1]
o lower limit = (1] 3.975694

o Fit. AH$coef%*%x.c+sqrt(3*qf(0.95,3,97))*0.1014*sqrt(x.c%*%solve(V)%*%x.c)

limit = [.1]
e upper imit = [1,]1 4.042662




Chapter 3 summary

All you need to know
Estimators B=(X"X)IX'Y, 67=RSS/(n-p-1)

. - ~p-1)6*
Distribution of estimators |8~ N(8,c(X'X)™) (n F;Z Jo = Xo oa

Added-variable plot
B, measures the relationship b/w y and x2, after adjusting for x1

F-test y;
T=—t%

T-test sd(,)

Prediction Interval.

_ (RSSNH — RSSAH)/(diH

_deH)
=~ F(df, —df,,,df
RSSAH /deH ( NH AH AH)

~tih—-p-1| |F

C.I. for fitted value

C.B. for fitted value

B=B X XNB=B) _ (o b+tn—p-1)
(p+1)5° _

Confidence Ellipse




